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1 Theoretical Foundation

1.1 Binary Addition Principle

Binary addition can be decomposed into two components:

A + B = sum without carry (Sum) + carry propagation (Carry)

A B Sum Carry
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1

Truth Table for Binary Addition

If a bit position does not generate a carry (i.e., at most one of the two bits is 1), the result can
be represented by A @ B. Otherwise, if both bits are 1, a carry is generated, which is captured
by A&B.

The generated carry must be propagated to the next higher bit position, which is achieved by
left-shifting the carry by 1. Since a carry generated in one bit position can propagate to higher
bits, the algorithm iteratively processes the sum and carry until no further carries remain.

Algorithm 1: Addition via Bitwise Operations
Input: Two integers a and b
Output: The sum a + b

while b # 0 do
sum<+ adb

carry < (a&b) < 1
a < sum
b < carry

return a

1.2 Negate

All implementations based on signed integers using two’s complement representation:
—xr=~x+1

where ~ x denotes bitwise NOT operation.



Proof
The formula can be derived from two fundamental identities:
x4+ (—x)=0 (definition of additive inverse)
x4+ (~x)=-1 (bitwise complement yields all ones)

Subtracting the second equation from the first gives:
[+ (—z)]—[z+(~2)]=0—-(-1) = —z—(~v2)=1 = —zx=~ax+1

Thus, the negative of any integer can be obtained by flipping all bits and adding one.

1.3 Comparison

Since the comparison operators is not allowed in the project, their relative magnitude can be
determined by analyzing the sign bit of their difference. Specifically:

0 ifa>b
1 ifa<bd

sgn(a —b) = {
where sgn(z) is implemented as the bitwise operation (z > 31)&1.

1.4 Type Casting

The algorithm casts operands to uint32_t to prevent signed integer overflow (e.g., abs (INT_MIN) ),
while reusing helper functions like add that expect int32_t arguments.

This approach is valid because static_cast between same-width integers purely reinterprets
the bit pattern without generating runtime instructions or altering the bits.

Furthermore, since the helper functions rely exclusively on bitwise operations, which are agnos-
tic to the sign bit, the binary logic remains correct regardless of type interpretation.



2 Function Implementations

2.1 Addition

Let W = 32 denote the bit width. Subsequent analyses are implicitly based on W-bit signed
integers.

As established in Section 1.1, the operation requires at most W iterations.

carry = (a & b) << 1;

1
2 a = a b;
3 b = carry;

Thus, the addition operation can be achieved in O(W) time complexity using the aforemen-
tioned operations.

However, in this algorithm, each step depends on the value generated in the previous iteration,
raising the question of whether carry propagation can be computed in parallel. Modeling the
computation as a tree structure allows us to apply a recursive doubling approach, effectively
optimizing the carry propagation. (Similar to Carry Lookahead Adder mentioned in the
lecture.)
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An Example of 8-bit Carry Propagation

With G signifying local carry creation and P signifying carry transmission, the algorithm em-
ploys recursive doubling to merge carry information, achieving a time complexity of O(log W).

int32_t add (int32_t a, int32_t b)

1

2 {

3 int32_t p = a ~ b, g = a & b;

| g |l= (p & (g << 1));p &= (p << 1);
5 g I= (p & (g << 2));p &= (p << 2);
6 g I= (p & (g << 4));p &= (p << 4);
7 g |l= (p & (g << 8));p &= (p << 8);
8 g |l= (p & (g << 16));

9 return (a = b) = (g << 1);

10}
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2.2 Subtraction
As established in the derivation of two’s complement arithmetic in Section 1.2, the subtraction
a — b can be transformed into a + (—=b) = a + (~ b+ 1).

By utilizing the already implemented add function, subtraction is therefore reduced to a constant
number of bitwise operations, achieving O(log W) time complexity.

int32_t subtract (int32_t a, int32_t b)
{

return add (a, add ("b, 1));
}

2.3 Multiplication

The multiplication algorithm adapts traditional column multiplication to binary arithmetic.
Analogous to shifting partial products in decimal, the binary multiplicand a is left-shifted for
each active bit in the multiplier b.

W—-1
Let b be represented in binary form as b = Z bi - 2, where b; € {0,1} is the i-th bit of b.
=0
Substituting this into the product a x b ylelds

wW-1 —1
axb—abe 20 = bi - (a-2Y)
=0

Before computation, signed operands are converted to their absolute values. To prevent signed
integer overflow (e.g., INT_MIN), operands are cast to uint32_t.

The algorithm achieves a time complexity of O(W log W) (Both add () and subtract () have
a time complexity of O(log W)).

int32_t multiply (int32_t a, int32_t b)

{
int32_t sign = 0;
uint32_t tmpa = static_cast <uint32_t> (a);
uint32_t tmpb = static_cast <uint32_t> (b);
uint32_t tmpres = O0;
if (tmpa >> 31 & 1)
{
tmpa = subtract (0, tmpa);
sign "= 1;
}
if (tmpb >> 31 & 1)
{
tmpb = subtract (0, tmpb);
sign "= 1;
}
while (tmpb)
{
if (tmpb & 1) tmpres = add (tmpres, tmpa);
tmpa <<= 1;tmpb >>= 1;
}
int32_t res = static_cast <int32_t> (tmpres);
if (sign) res = subtract (0, res);
return res;
}
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2.4 Division

Similar to the multiplication algorithm, the sign bit is processed separately by converting both
operands to absolute values (using uint32_t is necessary).

According to Euclidean Division Theorem, the operation is expressed as a = b- ¢+ r, where
0 < r < b. Let quotient g be represented in binary form as ¢ = Wil q; - 2, where ¢; € {0,1} is
the i-th bit of ¢. To determine the coefficients ¢;, a Greedy Str;:toegy is employed:

ecase la<b-2° b-2 istoo large to fit in the remainder, which implies ¢; = 0.

e case 2 a>b-2" It implies ¢; = 1. The i-th bit of the result is set, and the remainder
is updated to a < a — b - 2".

Proof
Suppose that g; is set to 0 despite the condition a > b - 2°.

The value of r» would satisfy the inequaity:
i—1 ‘ '
r:a—ZQj-b-Qj >a—0b(2"-1)
§=0

Substituting the condition a > b- 2% into the inequality:
r>b-20—b(20—1)=1b
This leads to » > b, which contradicts the Euclidean division constraint 0 < r < b.

The comparison outlined in Section 1.3 should be utilized to avoid invalid behaviors. And the
algorithm achieves a time complexity of O(W log W).

int32_t divide (int32_t a, int32_t b)

{
int32_t sign = 0;
uint32_t tmpa = static_cast <uint32_t> (a);
uint32_t tmpb = static_cast <uint32_t> (b);
uint32_t tmpres = O0;
if (tmpa >> 31 & 1)
{
tmpa = subtract (0, tmpa);
sign "= 1;
}
if (tmpb >> 31 & 1)
{
tmpb = subtract (0, tmpb);
sign "= 1;
}
for (int i = 31;7i;--1)
{
int32_t diff = subtract (tmpa >> i, tmpb);
if (1(diff >> 31 & 1))
{
tmpres [|= (1 << i);
tmpa = subtract (tmpa, tmpb << i);
}
}
int32_t res = static_cast <int32_t> (tmpres);
if (sign) res = subtract (0, res);
return res;
}
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2.5 Modulo
In mathematical number theory, the modulo operation is defined as amodb = a —b- |§].
But in C++, the modulo operation follows the truncate toward zero rule. Note that the

divide (a,b) is also implemented to align with this C++ standard (truncate toward zero rule),
the Euclidean relation a = ¢b+ r can be reversed to derive the correct modulus r = a — gb. The

time complexity of this algorithm is O(W log W).

int32_t modulo (int32_t a, int32_t b)

{
int32_t q = divide (a, b);
int32_t mx = multiply (b, q);
return subtract (a, mx);

}

3 Unit Test

Following initial verification, serveral test cases were rigorously enhanced with LLM (prompts
in Appendix) to focus on three critical dimensions:

3.1 Boundary Value Analysis

o Extremes: Operations involving INT_MAX and INT_MIN.

e Zero Handling: Rigorous testing of 0 as both an operand and a result

3.2 Randomized Mixed-Sign Testing

e Full-Range Inputs: Random integers selected from the entire int32_t range.

e Mixed Signs: Combinations of positive and negative to ensure correctness.

3.3 Truncation and Sign Consistency

The tests rigorously verify the sign correctness for all four permutations of input signs: a mod b,
a mod (—b), (—a) mod b and (—a) mod (—b).

3.4 Flow Test

A dedicated suite of flow tests was designed to verify the implementation’s behavior under
overflow and underflow conditions.



4 Appendix

It is hereby declared that Generative Al tools were utilized in this project to assist with code
optimization, report polishing, and test case generation. The core logic and implementation
were verified by the author. Representative excerpts of the interaction are provided below:

Report Translation and Polishing

If a bit position does not generate a carry (i.e, at most one of the two bits is 1), the result can be
represented by $a \oplus b$. Otherwise, if both bits are 1, a carry is generated, which is captured by $a

\& b$.
Once get a carry, it can be used left shift to put it in higher bit. The expression is :
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### Binary Addition Logic

1. **No Carry Case**:
If a bit position does not generate a carry (i.e., when at most one of the two bits is "1°), th

[
\text{result} = a \oplus b
\I

. **Carry Generation**:
If both bits are “1°, a carry is generated. This carry is captured by the bitwise AND operation
A\

\text{carry} = a \& b
\1

. **Carry Propagation**:
The generated carry must be propagated to the next higher bit position. This is achieved by lef
AL
\text{carry\_propagated} = (a \& b) \11 1
\]

### Final Expression
The complete binary addition can be expressed as:

L
a+b=(a\oplus b) + ((a \& b) \11 1)

Add Content

\subsection{Type Casting}

The algorithm relies on casting operands to \texttt{uint32\_t} to prevent signed overflow (e.
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Here is the LaTeX source for the Unit Test section, incorporating your specific points about Al-
assisted enhancement and rigorous coverage. | have polished the language to be professional and
passive-voice, as requested.

Latex. R

\section{Unit Testing Strategy}

To ensure the correctness and robustness of the bitwise arithmetic implementation, a comprehensive

\subsection{Boundary Value Analysis}
Due to the inherent asymmetry of the Two's Complement representation, arithmetic errors most frequ
\begin{itenize}

item \textbf{Extremes}: Operations involving \texttt{INT\_MAX} and \texttt{INT\ MIN}.

item \textbf{Zero Handling}: Rigorous testing of $65 as both an operand and a result (e.g., m

item \textbf{Overflow Conditions}: Specific scenarios such as \texttt{INT\ MIN / -1} and \tex

end{itemize}
\subsection{Randomized Mixed-Sign Testing}
To validate behavior across the entire 32-bit integer spectrum, a randomized testing engine was em

\begin{itenize}
iten \textbf{Full-Range Inputs}: Random integers selected from the entire \texttt{int32\ t} r
em \textbf{Mixed Signs}: Combinations of (positive, positive), (positive, negative), (negat

\end{itemize}
The results of the custom functions are cross-verified against the standard C++ arithmetic operato

\subsection{Truncation and Sign Consistency}
Particular attention was given to the division and modulo operations to ensure compliance with the
\begin{itemize}

item $a \bmod b$

item $a \bmod (-b)$

item $(-a) \bmod b$
em $(-a) \bmod (-b)$

\end{itemize}
This ensures that the relation $a = (a/b) \cdot b + (a \bmod b)$ holds true for all inputs, confir

\texttt{abs(INT\_MIN)}), while utilizing helper functions like \texttt{add} that expect $\texttt{int32\_t}$

arguments.
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\subsection{Type Casting Strategy}

[ap=_]

The algorithm casts operands to \texttt{uint32\_t} to prevent signed integer overflow (e.g., \text

This approach is valid because \texttt{static\ cast} between same-width integers purely \textbf{re

Key Points Included:

. Reinterpretation: Emphasized that

bits themselves.

~

w

. Sign Agnosti
holds.

static_cast only changes how bits are viewed, not the

. No Overhead: Mentioned that it doesn't generate extra runtime instructions.

icism: Explained that bitwise operators don't care about types, ensuring the logic



Test Case Enhancement

TEST(ModuloTest, RandomNumber2) {

EXPECT_EQ(data_lab:modulo(-1205291292, -644190970), -561100322); TESTE;é::&égg’i“i :mtit{ A B £
_EQ(data_lab::multiply(s, 3), 15);

} EXPECT_EQ(data_lab: :multiply(-5, -3), 15);
TETFREERIES, af: EXPECT_EQ(data_lab::multiply(s, -3), -15);
1. ARESEHER S INT_MAX, INT_MIN,0 8370A EXPECT_EQ(data_lab::multiply(e, -5), @);
2. ISINFREES L 5aE EXPECT_EQ(data_lab::multiply(7, 1), 7);

3. TFRUE, EEESE truncation toward zero BIIEREE, ¥ a % b.a % (-b) (-2) % b, (-a) % (-b) HBHETA EXPECT_EQ(data_lab::multiply(7, -1), -7);
® ¥

EEuE wET S N TEST_F(MultiplyTest, Boundaries) {

EXPECT_EQ(data_lab: :multiply(INT32_MAX, 1), INT32_MAX);
EXPECT_EQ(data_lab: imultiply(INT32_MIN, 1), INT32_MIN);

FPAEETTEST &al F_TEST AR BRI FEASS RN BRESERa B 5
TEST_F(MultiplyTest, Random) {

o ¢ for (int i=-e; i< 1ee; ++i) {
int3z t a = rand_small{), b = rand_small();
b CEL] if (Imul_overflow(a, b)) EXPECT_cQ(data lab: :multiply(a, b), a * b);
¥
#include <gtest/gtest.h> ¥
#include <cstdint> TEST_F(MultiplyTest, Properties) {
#include <random> for (int 1= 6; 1 < 108; ++1) {
#include <vectors| int3g t a - rand_small{), b = rand_small(), ¢ - rand_small();
#include <algorithms EXPECT_EQ(data_lab: :multiply(a, b), data_lab::multiply(b, a));
sinclude <climitss EXPECT_EQ(data_lab: imultiply(a, data_lab:add(b, c)),
#include <chrono> data_lab: :add(data_Llab::multiply(a, b), dats_lab::multiply(a, €)));
#include "../include/data_lab.hpp" H
¥
class BaseTest : public : rtestingiiTest {
protectsd: TesT_F(pivideTest, Basic) {
void setup() override { ivide(1s, 3), 5);
gen = std::mt19937(static_castcunsigned int>(std::chrono: :high_reselution_clock: :now().tir EXFECT_EQ(data_lab::divide(-15, -2), 5);
) ivide(-15, 3), -5);
int3z_t rand_full() { return std::uniform_int_distributioncint32_t>(INT32_MIN, INT3Z_MAX)(gen) EXPECT_EQ(data_lab::divide(s, 5), );
int3z_t rand_safe() { return std::uniform_int_distributioneint32_t>(INT32_MIN/Z, INT32_MAX/2}( EXPECT_EQ(data 1ah::divide(s2, 1), 42);
int32_t rand_pos() { return std::uniform_int_distributioncint3z_t>(1, INT32 Max)(gen); } EXPECT_EQ(dats_lab::divide(INT32_MIN, 1), INT3Z_MIN);
int3z_t rand_neg() { return std::uniform_int distributioncint32_ts>(INT32_MIN, -1){gen); } EXPECT_EQ(data_lab::divide(-7, 2), -3);
int3z_t rand_nonzero() { EXPECT_EQ(data_labi:divide(7, -2), -3);
int32_t v; do { v = rand_full(); } while{v == @); return v; EXPECT_EQ(data_lab::divide(1, 2), @);
} ¥
inta2_t rand_small() { return std::uniform int distributioncint3z_t>(-10ee, 1eee)(gen); } TEST_F(pivideTest, random) {
bool add_overflow(int32 t a, int22.t b) { return (b > @ 8& a > INT3ZMAX - b) || (b <@ 88 a < o @it 4 oty & @ £55 ) §
bool sub_overflow(int32_t a, int32_t b) { return (b > @ &% a < INT32MIN + b) || (b <@ && a > int32_t a = rand_full(), b = rand_nanzero();
bool mul_overflow(int32_t a, int3z_t b) { intea_t r = (intea_t)a * b; return r ¢ INT32_MIN || If (8 == INT32 MIN 88 b == -1) continue;
std: :mt19937 gen; EXPECT_EQ(data_lab: :divide(a, b), a / b);

ia

TEST_F(DivideTest, Relation) {
for (int i=8; i< 109; i) {

class addTest : public BaseTest {};

class subtractTest : public BaseTest {};

class multiplyTest : public BaseTest {}; ant22 t a = rand_full(), b = rand_nenzero();

class DivideTest : public SaseTest {}; if (2 == INT32 MIN & b == -1) continue;

Class ModuloTest : public BaseTest {}; int32_t q - data_lab::divide(a, b), r - data_lab: :modulo(a, b);
EXPECT_EQ(data_lab: :add(data_lab::multiply(a, b), r), a);

TEST_F(AddTest, Basic) { 1
}
EXPECT_EQ(data_lab::add(1a, -3), 7); TEST_F(ModuloTest, Basic) {
EXPECT_EQ(data_lab: :add(e, 5), 5); EXPECT_EQ(data lab::medule(17, 5), 2)3
EXPECT_EQ(data_lab::add(e, ), @); EXPECT_EQ(data_lab::module(-17, 5), -2);
EXPECT_EQ{data_lab: :add(@x55555555, BMAAARARAR), -1); EXPECT_EQ(data_lab: :module(17, -5), 2);
EXPECT_EQ({data_lab: :add(@xFFFFFFFF, 1), @) EXPECT_EQ(data_lab::module(-17, -5}, -2);
3} EXPECT_EQ(data_lab: imodule(8, 5), );
TEST_F(AddTest, Boundaries) { EXPECT_EQ(data_lab: :modulo(7, 3}, 1);
EXPECT_EQ(data_lab::add(INT32 MAX - 1, 1), INT32 MAX); EXPECT_EQ(data_lab::module(-7, 3), -1);
EXPECT_EQ(data_lab::add(INT32 MIN + 1, -1), INT32Z_MIN); ¥
3 TEST_F(ModuloTest, Random) {
TEST_F (addTest, Random) { for (int i = 8; i< 108; ++i) {
for (int i = @ i < 1005 ++i) { int32 t a = rand_full(), b = rand_nonzero();
int32_t a = rand_safe(}, b = rand_safe(); If (8 == INT32 MIN &2 b == -1) continue;
if ('add_overflow(a, b)) EXPECT_EQ(data_lab::add(a, b), a + b); EXPECT_EQ(data_lab: :modulo(a, b), a % b);
1] 1
T ¥
TEST_F(addTest, Properties) { TEST_F(ModuloTest, RangeCheck) {
for (int i 1< 108; ++) { for (int i=8; i< 108; +=i) {
int32_t a = rand_full(), b = rand_full(}; int22 t a = rand_full(), b = rand_nonzero();
EXPECT_EQ(data_lab::add(a, b), data_lab::add(b, a)); if (3 == INT32 MIN & b == -1) continue;
inta2 t x = rand_safe()/3, ¥ = rand_safe()/2, z = rand_safe()/3; ints2 t r - data labi:imodulo(a, b);
EXPECT_EQ(data_lab::add(data_lab::add(x, v), z), data_lab::add(x, data_lab::add(y, z))); EXPECT_TRUE(abs(r) < abs(b) || r == @);

if (¢ 1= 8) EXPECT_TAUE((a > 8)



Auxiliary Image Generation

This diagram is the final result of implementing the illustration in Section 2.1, synthesized

after multiple rounds of prompt refinement.
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